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Abstract: We revisit the recently proposed mechanism of Geometric Inflation.
On general grounds, we show that obtaining the right amount of inflation demands
an exceedingly large initial energy density. We introduce a scalar field and study
the combined action of both mechanisms. Besides fixing the aforementioned issue,
a cascading process occurs whose last step seems undistinguishable from ordinary
large field inflation. Strikingly, the scalar field remains approximately constant while
Geometric Inflation rules the dynamics. This ultimately leads to the possibility of
reducing the initial value of the scalar field and its excursion. We discuss the main
features of this hybrid scenario.
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1 Introduction
It is a well-known fact that General Relativity (GR) in presence of standard fluids
cannot explain an early stage of accelerated expansion in the universe. This led to the
introduction of a scalar field, the inflaton, which in slow-roll conditions can trigger
cosmological inflation. It was recently proposed, though, that higher curvature terms
combined with some matter content have the potential to explain an early time
inflationary epoch in the absence of an inflaton field [1]. This is so even considering
the energy-momentum tensor of such a conventional fluid as radiation, which would
be unable to produce accelerated expansion in the context of GR. The mechanism
was first proposed in the framework of cubic gravities [2] and quickly generalized
to include all orders [3]. It was called Geometric Inflation and shown to provide a
satisfactory inflationary evolution, at least at the background level.1
A nice feature of these theories is that, order by order, each higher curvature den-
sity (i) possesses second-order linearized equations around any maximally symmetric
background [6], (ii) admits generalizations of the Schwarzschild solution character-
ized by a single function, gttgrr = −1, and whose thermodynamic properties can be
accessed in a fully analytic fashion [7–10], and (iii) leads to a well-posed cosmological
initial-value problem [2, 3]. It is a bottom-up construction relying on a conservative
approach to a difficult and elusive problem. Interestingly enough, it was recently
shown that a large class of higher curvature gravities —those involving invariants
1The study of perturbations is quite involved in these theories, and definitely necessary to
consider them as viable inflationary scenarios. Still, some partial results were derived in the cubic
case [4], and generalized in [5].
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constructed from contractions of the Riemann tensor and the metric and even some
in which covariant derivatives are included— are equivalent via field redefinitions to
these theories [11]. More precisely, to theories complying the first two properties but
not the cosmological one. It is conceivable that an analogous result including this
latter property may be proven, although it is not clear at the moment.
Another nice feature comes from the fact that these theories provide a natural
connection with late time evolution: radiation is the dominant component during in-
flation, where higher-curvature terms dominate and produce accelerated expansion,
but then dilutes and the spacetime curvature decreases to the point where we can
connect with a conventional GR epoch, where higher-curvature terms become irrel-
evant. The asymptotic structure of the phase space (of the cubic theory [2]) reveals
that an inflationary matter-dominated Big Bang is the global past attractor [12].
One can even obtain late time acceleration by turning on a cosmological constant,
irrelevant during the inflationary epoch due to the strongly increasing behavior of
ρrad ∝ a−4 as the scale factor decreases. Further interesting results in this framework
include [13–15].
In spite of these attributes, there are good reasons to revisit the presence and
the role of a scalar field in the early universe. On one hand, a recent study of odd-
parity perturbations modes on a spatially homogeneous plane-symmetric Bianchi
type I solution of the vacuum equations of motion in [2], showed the presence of
(at least) one ghost which triggers a short-time-scale (compared to the Hubble time)
classical instability [16]. This instability arises when a small anisotropy develops, and
it appears to challenge the Geometric Inflation mechanism as a viable cosmological
process. However, this analysis was performed in the cubic theory, around a de
Sitter phase in the absence of radiation —whose inclusion dramatically shifts from
exponential to power-law accelerated expansion. It remains to be seen whether this
strong instability remains once radiation is included and, most importantly, when
the whole series of higher curvature terms is taken into account. The fast dilution of
a barotropic fluid suggests that radiation may not be enough to cure this problem,
unless exceedingly large values of its initial energy density are assumed. We will
show that this is precisely the case and will commit ourselves to exploring the role
of a scalar field in the context of Geometric Inflation.2
We will first show that the complete absence of a scalar field is phenomenolog-
ically and theoretically challenged. Besides the aforementioned arguments, it is not
easy to foresee how to deal with reheating and how to reproduce the main features
of cosmological perturbations in the absence of the inflaton. We show that obtaining
the right amount of inflation demands an exceedingly large initial energy density
for radiation. We will argue that the inclusion of a scalar field is demanded. How-
2A scalar field non-minimally coupled to Einsteinian Cubic Gravity [6] —which is not a cubic
theory belonging to our class [2]— was recently considered [17].
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ever, it is easily seen that the accelerated expansion due to higher-curvature terms
is boycotted by the presence of a scalar field. We will see, nevertheless, that the
simultaneous inclusion of radiation and a scalar field has interesting consequences.
For generic values of the couplings, the theory exhibits cosmological inflation with a
remarkable feature: to a very good approximation, inflation happens in steps where
the higher curvature terms rule initially, and there is a sort of cascade in which lower
curvature terms follow higher curvature terms in governing the expansion, the last
stage being undistinguishable from the familiar General Relativity setup with an
inflaton slow-rolling field. That is, the familiar inflationary scenario becomes in this
framework the very last step in a chain of successive stages.
We discuss the main features and some interesting prospects entailed by this
scenario. First of all, in a generic situation the total number of e-folds splits into
a Geometric Inflation phase followed by ordinary scalar field driven inflation. This
points towards the simultaneous alleviation of both the radiation large initial energy
density and the initial value and excursion of the scalar field, since the latter is
not entirely responsible for the whole inflationary process. Besides, and strikingly,
the scalar field remains pretty much constant while Geometric Inflation rules the
cascading dynamics. The initial value of the scalar field and its excursion, though,
remain transplanckian in this hybrid scenario. The fact that it always takes over in
the last stage protects its role in the mechanism of reheating. Albeit the mechanism
seems compelling, we will also present some criticisms and discuss some avenues
worth exploring.
The article is organized as follows. In Section 2 we argue for the necessity of
incorporating a scalar field in the realm of Geometric Inflation. Section 3 is devoted
to presenting the conflict between a scalar field and higher curvature terms for the
sake of producing cosmological inflation and showing how to deal with it. In Section
4 we study a framework in which there is both radiation and a scalar field. We
analytically solve the problem in the regime where the k-th order term is dominant.
We then numerically solve the full system and show to what extent the previous
analytic solution is a good approximation. We see that inflation happens following
a chain of different stages, which is neatly reflected in the behavior of the slow-roll
parameter . The familiar General Relativity setup becomes the last step at the end
of the cascade. Section 5 is reserved for the discussion and conclusions.
2 The need for a scalar field
Geometric Inflation has been built as a mechanism emerging from an a priori bottom-
up construction where gravity is governed by
IGI = 1
16piG
∫
d4x
√−g
[
R +
∞∑
n=3
cnL
2n−2
? Rn
]
, (2.1)
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where R(n) is an n-th order density constructed from the Riemann tensor and its
contractions satisfying a number of conditions: i) it possesses second-order linearized
equations around any maximally symmetric background; ii) it admits bona-fide non-
hairy generalizations of the Schwarzschild black hole characterized by a single func-
tion, gttgrr = −1, and whose thermodynamic properties can be accessed in a fully
analytic fashion; iii) it possesses a well-posed cosmological initial-value problem;
namely, it admits cosmological Friedmann-Lemaître-Robertson-Walker (FLRW) so-
lutions
ds2 = −dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (2.2)
where the associated generalized Friedmann equations for the scale factor a(t) are
second-order. In order to study cosmological inflation, it is more suitable to trade
the time coordinate variable by the number of e-folds, N . In terms of the latter, the
scale factor behaves as a = a˜ eN , where a˜ is the initial value; thereby3
d
dt
= H
d
dN
, (2.3)
where H ≡ a˙/a is the usual Hubble parameter. We use primes to denote derivatives
with respect to N and dots for the usual derivatives with respect to the cosmological
time. The set of Friedmann equations reduce to a couple of second-order differential
equations for the scale factor:
3F (H) =
1
M2Pl
ρ , (2.4)
−H ′ dF (H)
dH
=
1
M2Pl
(ρ+ P ) , (2.5)
where ρ and P are the density and pressure obtained from the matter energy-
momentum tensor, the reduced Planck mass is M2Pl = (8piG)−1,
F (H) ≡ H2 + L−2?
∞∑
n=3
(−1)ncn (L?H)2n , (2.6)
and we have set k = 0. As usual, the conservation equation for the matter energy-
momentum tensor, ρ′ + 3(ρ + P ) = 0, is consistent with (2.4) and (2.5). The coeffi-
cients cn are expected to be computed from a UV complete theory of gravity.4 For
the sake of exploration, we can also use a truncated function —say, to the cubic or
quartic order— and set to zero all higher coefficients. We shall do that in this paper.
3We implicitly assume a˙ > 0, which will certainly be the case for inflationary models.
4For instance, T-duality is stringent enough to constrain all α′ corrections to the Friedmann
equations (in the string frame) in terms of a single function which looks exactly like (2.6) [18].
String Theory is certainly invariant under T -duality —among a broader set of theories [19]—,
thereby providing a rigorous scenario where the coefficients cn may be computed.
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It will allow us to show some features that would be less obvious in the general case,
which we can address by straightforward extrapolation.
It was shown in [3] that an accelerated expansion of the scale factor is a generic
prediction of this theory if, for instance, the matter content is solely made of radi-
ation. However, there are several reasons which could make the presence of extra
fields contributing to the inflationary evolution beneficial. As an example, it is un-
clear how to deal with reheating in Geometric Inflation models, where the expansion
is completely driven by an always diluting fluid. We will present here another ar-
gument which points towards the need of extra fields in the matter sector in order
to make these models phenomenologically viable. Let us rewrite the first Friedmann
equation (2.4) as
3H2 (1 +G(H)) =
1
M2Pl
ρ , (2.7)
so that G(H) = F (H)/H2 − 1 gives the higher-derivative contribution, isolating it
from the GR part. In Geometric Inflation models, accelerated expansion appears
when G(H) 1, since within this higher-curvature domination regime normal fluids
such as dust or radiation produce a¨ > 0. Furthermore, the ability to gracefully
connect with a late time evolution essentially identical to GR depends on the fact
that G(H)→ 0 when H → 0, and the decreasing behaviour of H, H ′ ≤ 0.5 Thus, we
typically have two stages in these models: a first, higher-curvature dominated one,
in which accelerated expansion happens and G(H) 1, and a second, conventional
one, where the evolution is essentially the same as in GR and where G(H) 1. Let
us define Hend as the value of the Hubble parameter for which G(Hend) = 1, marking
the scale of transition between the two stages.
The following will be a rough order of magnitude estimate, so we will not try to
obtain exact expressions; it will nevertheless provide some insight to understand the
problems of this set up. The energy density at the end of the accelerated expansion
is ρend ∼ M2PlH2end. Assuming a fluid behavior, ρ ∼ a−3(1+w), with w = 0 for dust
and w = 1/3 for radiation, if we allow for N e-folds of inflation since a certain initial
moment, the energy density at that initial time, ρinit, will be given by:
ρinit ∼ ρende3(1+w)N ∼M2PlH2ende3(1+w)N . (2.8)
It would be certainly tricky to allow for initial energy densities above the Planck
scale. Demanding ρinit < M4Pl, we obtain an upper bound on the value of H at the
end of the higher-curvature dominated stage:
Hend . e−
3
2
(1+w)N MPl . (2.9)
5With the second Friedmann equation (2.5), and considering that any fluid satisfying the null
energy condition has ρ+P ≥ 0, the decreasing evolution ofH, H ′ ≤ 0, is equivalent to the increasing
nature of F (H) as a function of H, F ′(H) ≥ 0.
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But Hend is setting the scale at which corrections to GR become noticeable in our
gravitational theory. This is constrained by astrophysical tests. For the cubic theory,
for instance, it was shown that Shapiro time delay experiments in the solar system
lead to L? . 108m [20], assuming that |c3| ∼ O(1). This implies Hend & 10−43MPl.
Similar results should be obtained for higher order theories as well since, in a sense,
this is setting a lower energy bound for corrections to appear (it is reflecting the
energy scale or, alternatively and maybe more clearly, the curvature length scale at
which we are probing spacetime).6 This is a tiny fraction of the Planck energy, but
the exponential dependence of (2.9) makes it quite relevant! In fact, for radiation
and N = 60 we get Hend < 7.7× 10−53MPl in order to avoid super-Planckian energy
densities at the beginning of inflation, which upsets the aforementioned observational
constraints.7
The previous discussion clearly shows one drawback of these Geometric Inflation
models with a fluid driving all the evolution. The exponential expansion is so extreme
that it needs tiny energy densities at the end of inflation in order for them to be below
the Planck scale at the beginning. This in turn means that corrections to GR have
to be relevant up until these tiny energy densities, otherwise accelerated expansion
would stop in these models. But this conflicts with observational constraints on these
corrections. Is it possible to get around this conclusion?
One obvious way is to consider inflation driven by something which does not
dilute as fast as radiation or dust. In this sense, a scalar field is a good option: in
a slow-roll regime it has w ≈ −1 and therefore its energy density does not dilute
at all. This would also make contact with the standard GR paradigm easier, since
discussions concerning reheating can be more easily accommodated. In the following
sections we will thus consider, as a simple model, different versions of the higher-
curvature theories coupled to a free scalar field:
Iscalar =
∫
d4x
√−g
[
−1
2
(∇φ)2 − 1
2
m2φ2
]
. (2.10)
This matter sector contributes to the generalized Friedmann equations with the usual
energy density and pressure:
ρ =
1
2
H2φ′2 +
1
2
m2φ2 , P =
1
2
H2φ′2 − 1
2
m2φ2 , (2.11)
and its equation of motion can be directly obtained from energy-momentum conser-
vation:
(Hφ′)′ + 3Hφ′ +
m2
H
φ = 0 . (2.12)
6Indeed, analogous experiments in the context of the quartic theory were shown to lead to a
constraint of the same order of magnitude [21].
7Notice, though, that dust (ω = 0) can also drive inflation in these higher-curvature theories,
and with N = 60 we obtain Hend < 8.2× 10−40MPl, which is not in conflict with the observational
constraint. However, the exponential dependence is still disturbing since increasing only to N = 70
we would get Hend < 2.5× 10−46MPl.
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3 The inflaton and Geometric Inflation
Let us start by considering the simplest scenario, which is given by the cubic theory
[2] coupled to a scalar field with a quadratic potential (2.10),
S =
M2Pl
2
∫
d4x
√−g [R− βL4?R3]+ Iscalar , (3.1)
where c3 = −β (β > 0) and
R3 = −3
4
R γ δα β R
µ ν
γ δ R
α β
µ ν −
1
16
R γδαβ R
µν
γδ R
αβ
µν +
1
2
RαβγδR
αβγ
µR
δµ
−1
6
RαβγδR
αβγδR− 1
2
RβαR
γ
βR
α
γ −
1
4
RαβγδR
αγRβδ +
1
4
RαβR
αβR ,
(3.2)
which is a unique linear combination, R3 = − 116(P − 8C), of the Einsteinian Cubic
Gravity action P [6] and an independently characterized density C [9] leading to a
well-posed cosmological initial value problem.
Consider the situation in which a scalar field with initial value φ˜ and the usual
quadratic potential is left to evolve on its own. The equations of motion are (2.12)
and
3H2
(
1 + βH4
)
=
1
2
H2φ′2 +
1
2
m2φ2 , (3.3)
where all units have been absorbed: H and m are given in units of L−1? , while φ is
written in Planck units. It is then easy to check that for fixed values of φ˜ and m the
cubic theory is less efficient as an inflationary theory; see Figure 1. If we reduce the
value of m while keeping φ˜ fixed, the number of e-folds in the cubic theory grows and
approaches the result of General Relativity; this is simply telling us that Hend occurs
earlier (since the evolution starts from a lower Hinit), and most of the dynamics is
governed by the Einstein-Hilbert term.
The situation changes if we bring in radiation into the picture. The Friedmann
equation acquires a new contribution
3H2
(
1 + βH4
)
= ρ˜ e−4N +
1
2
H2φ′2 +
1
2
m2φ2 , (3.4)
where ρ˜ = ξ2M−4Pl ρinit —we introduce for convenience ξ = L?MPl, the ratio between
L? and the Planck length—, while the continuity equation (2.12) remains the same.
Radiation energy density decays pretty fast irrespective of what is the mechanism
driving inflation. This is the reason behind the decelerated expansion it entails in
General Relativity. Now, the higher curvature dynamics is relevant at earlier times,
on generic grounds, where also the ratio between radiation and scalar field energy
densities is large. Besides, we know that inflation driven by the scalar field happens
in a slow-roll regime, and the decay of its energy density should be slower than that
of radiation. A possibility arises: is there a range of parameters for which inflation is
– 7 –
GRβ=10β=100
0 10 20 30 40 50
2.5
5.0
7.5
10.0
12.5
15.0
N
ϕ/M P
l
Figure 1: Evolution of the scalar field for φ˜ = 15MPl,m = 0.1L−1? in Einstein gravity
and cubic geometric inflation with β = 10 and β = 100. In General Relativity (red
line) the scalar field stays almost constant during many e-folds, which is nothing
but the slow-roll behavior, leading to NGR ' 57. In the cubic theory, instead, the
scalar field drops quickly and Hend is reached very fast; then there is a brief GR
inflationary period leading to Nβ=10 ' 47 and Nβ=100 ' 33 (blue dotted line and
orange line respectively). The end of inflation, as usual, is taken as the value of N
at which the slow-roll parameter  = −H˙/H2 = −H ′/H = 1.
a combined effect of Geometric Inflation driven by radiation followed by the familiar
slow-roll setup of a scalar field in GR? For this to be the case, the scalar field must
remain approximately constant while inflation is driven by radiation, and Hend must
take place not far from the moment at which the energy densities are commensurate.
We will see that the answer is yes, and the range of parameters is broad enough not
to be considered the effect of fine tuning.
Notice that this scenario could have been spoiled in many ways. For instance,
if the radiation expansion gives kinetic energy to the scalar it could be impossible
to enter the second stage dominated by the scalar field in a slow-roll regime, which
would mean that it does not trigger inflation. Or it could be that the two stages
are not truly decoupled and in the transition from radiation domination to scalar
field domination weird effects make the accelerated expansion impossible. We will
show that this is not the case, but in order to do that it will prove useful to analyze
both regimes of the expansion independently, under the decoupling assumption. The
extremely different behavior of the radiation and the scalar field energy densities
leads us to conjecture that the expansion in each of these stages is dominated by a
single component. We will see that this is a good approximation.
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3.1 Radiation domination
Consider then a period of expansion where radiation dominates the right-hand side
of (3.4) and the cubic term the left-hand side,
H(N) ≈ Hinit e−2N/3 , (3.5)
where Hinit = 6
√
ρ˜/(3β). This regime stops either when the GR term equals the
cubic one —i.e., when there is a value of N = NGR for which H(NGR) = Hend—, or
when the scalar field energy density becomes the dominant contribution —i.e., when
N = Ns such that, in a slow-roll regime, 12m
2φ(Ns)
2 = ρ˜ e−4Ns (whose expression
(3.14) is derived below)—, whatever comes first. The expression for NGR is given by
NGR =
1
8
log
(
βρ˜2
9
)
. (3.6)
since βH(NGR)4 = 1. On the other hand, in order to compute when the scalar field
overwhelms radiation, we need to know its evolution under radiation domination,
therefore, when the Hubble parameter behaves as in (3.5). The scalar field equation
(2.12) can be written in this case as
φ′′(N) +
7
3
φ′(N) +
(
m
Hinit
)2
e4N/3 φ(N) = 0 . (3.7)
Under the following redefinition
φ(N) ≡
(
m
Hinit
e2N/3
)−7/4
f
(
3m
2Hinit
e2N/3
)
, (3.8)
it can be seen that the function f satisfies the following Bessel equation:
x2
d2f(x)
dx2
+ x
df(x)
dx
+
[
x2 −
(
7
4
)2]
f(x) = 0 . (3.9)
The most general solution for the scalar field employing Bessel and Neumann func-
tions is thus
φ(N) = e−7N/6
[
C1 J7/4
(
3m
2Hinit
e2N/3
)
+ C2N7/4
(
3m
2Hinit
e2N/3
)]
, (3.10)
where we absorbed some pre-factors into the integration constants. There are a
couple of interesting facts hidden in the previous equation. Bessel functions for large
argument, x 1, behave asymptotically as oscillating trigonometric functions with
a suppressing factor:
J7/4(x) ∼
√
2
pix
cos
(
x− 9pi
8
)
, N7/4(x) ∼
√
2
pix
sin
(
x− 9pi
8
)
. (3.11)
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This means that we have an exponential suppression of the scalar field
φ(N) ∼ e−3N/2 , for N  N? = 3
2
log
(
2Hinit
3m
)
. (3.12)
Note that in this regime the potential energy density scales as φ2 ∼ e−3N , which
is the expected result for dust, and exponentially slower than the radiation energy
density, as anticipated. If we want to enter a second phase of inflation driven by a
slow-rolling scalar field in GR, we need to avoid the previous exponential suppression.
The number of e-folds spent in the radiation domination phase must necessarily be
lower or equal than N?.
The physically interesting scenario involves a phase of Geometric Inflation with
a reasonable share of the early universe expansion, say, at least 10 e-folds; thereby
we consider 3m/(2Hinit)  1. Then, it can be shown that setting initial conditions
φ(0) = φ˜ and φ′(0) = 0 is equivalent to cancelling C2 and fixing C1 so that8
φ(N) ≈ Γ (11/4)
(
4Hinit
3m
)7/4
e−7N/6 J7/4
(
3m
2Hinit
e2N/3
)
φ˜ . (3.13)
This is the last bit of information we needed to determine when the scalar field en-
ergy density becomes the dominant component. Assuming that the potential energy
is much larger than the kinetic energy —in order to be in a slow-roll inflationary
epoch—, the scalar field and radiation energy densities become commensurate for
Ns, such that 12m
2φ(Ns)
2 = ρ˜ e−4Ns ; thereby
Ns =
3
2
log
(
2Hinit
3m
xs
)
, (3.14)
where xs is the value fulfilling
x5/2s J7/4(xs)
2 =
37
29/2 Γ(11/4)2
m4β
16 φ˜2
. (3.15)
If xs  1, this can be further simplified through a series expansion of the Bessel
function; we obtain
Ns ≈ 1
4
log
(
2ρ˜
m2φ˜2
)
. (3.16)
Notice that if N  N?,
∆φ ≡ φ˜− φ(N) ∼ φ˜ e4(N−N?)/3 , (3.17)
and we conclude that the scalar field stays roughly constant! Essentially, radiation
drives a very fast expansion during which the scalar field remains constant, guaran-
teeing that if initial conditions are chosen to allow slow-roll evolution, the radiation
domination phase will not spoil them. This seems to us remarkable and unexpected.
8This was verified rigorously through a series expansion in m/Hinit and using the asymptotics
of Bessel functions. Nevertheless, it can be understood recalling the singular behavior of Neumann
functions at the origin, which forces us to cancel the contribution of N7/4 when m/Hinit  1 in
order to ensure regularity at N = 0.
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3.2 Inflaton domination
We will consider the most efficient situation in which the first epoch of inflation fin-
ishes both when the scalar field starts to dominate and General Relativity dynamics
takes over the cubic term; that is, we impose NGR = Ns. From (3.6) and (3.14),
1
6
√
β m2φ˜2 = 1 ; (3.18)
this fixes the mass of the scalar once its initial value is known. Let us remark that
this is not a necessary condition but rather an optimal one. The second part of the
inflationary evolution is well-known. The scalar field slowly rolls down the potential
producing an accelerated expansion governed by the Einstein-Hilbert term, provided
that the potential energy dominates over the kinetic energy. If φi is the initial value
of the scalar field, the number of e-folds of inflation produced reads
N(φi) =
φ2i
4
− 1
2
. (3.19)
Since β is expected to be O(1), let us set for definiteness β = 1. For a setup in
which Geometric Inflation is responsible for 40 e-folds, NGR = 40, we see that we
would need φi ' 9MPl in order to complete the 60 e-folds for the whole process. The
initial value of the scalar field φ˜ is a bit larger than this; e.g., in Figure 2 we ran a
numerical evolution with φ˜ = 10MPl. Then (3.18) fixes m = 0.24L−1? .
ϕ/MPl
0 20 40 60
0
2
4
6
8
10
N
ϕ
/M Pl
ϵ
0
0.2
0.4
0.6
0.8
1.0
ϵ
Figure 2: The scalar field stays pretty much constant during the 40 e-folds of
Geometric Inflation and then slowly rolls down the potential leading to a total of
about 60 e-folds. The slow-roll -parameter starts at 2/3, the value for radiation in
the cubic theory [2], and when the slowly rolling scalar field starts to dominate it
drastically drops, displaying a quasi-de Sitter behavior not different from the GR
case, albeit with a lower value of the scalar field.
Notice that this resolves the issue with the initial radiation energy density dis-
cussed in the previous Section. In this particular example, for instance, we get
– 11 –
ρ˜ = ξ2M−4Pl ρinit ' 9.2× 1069, and the current constraint ξ < 1043 [20] leaves plenty of
room for subplanckian values of ρinit. The shorter the period of Geometric Inflation
the better in terms of this issue.
Let us verify that the different approximations are justified. We do not get
an exponential suppression of the scalar field (and in fact it stays roughly constant
during radiation domination) because of the values of the following two quantities:
3m
2Hinit
= 8.59× 10−13 , xs = 3m
2Hinit
e2NGR/3 = 0.37 . (3.20)
This is also the reason guaranteeing the legitimacy of cancelling the contribution to
the inflaton coming from the Neumann function. Also, it is the reason behind taking
the approximation (3.16) instead of the full equation involving the Bessel function.
Although xs  1 is not true, the first term of the series is still good enough. Finally,
ρ˜ m2φ˜2/2 constitutes a trivial check that indeed we start in a radiation dominated
phase.
4 Inflation at the end of the cascade
We would like to consider the inclusion of higher curvature terms. We will see that
the general set-up remains the same: we aim for a radiation dominated initial phase
of Geometric Inflation where higher curvature terms are relevant, followed by a last
stage where the scalar field starts to rule the dynamics and gravity is essentially
governed by the Einstein-Hilbert term. Under quite general conditions we find a
cascading dynamics with a sequence of stages where decreasing higher curvature
terms dictate the universe expansion until the very last step where ordinary inflation
takes place. We will explore how this scenario alleviates the issues related to the
large values of radiation energy density and the transplanckian initial value of the
scalar field.
Consider a system governed by IGI (2.1), coupled to a free massive scalar field
and radiation, whose Euler-Lagrange equations can be summarized in the Friedmann
equation
3F (H) = 3H2
(
1 +
∞∑
n=3
(−1)ncnH2(n−1)
)
= ρ˜ e−4N +
1
2
H2φ′2 +
1
2
m2φ2 , (4.1)
and the conservation of the scalar field energy-momentum tensor (2.12). The cubic
case presented in the previous Section would be given by c3 = −β, and all the
remaining coefficients vanishing. We want to understand the dynamics driven by
radiation and the p-th order term. We assume that such term neatly dominates the
behavior of the system until the Hubble parameter decreases enough such that the
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(p−1)-th term becomes the relevant one, and so on and so forth.9 We will end up by
numerically solving a quartic example in which we shall see the extent to which this
assumption is well supported by the actual data. So let us analyze what happens in
a radiation dominated phase where gravity is essentially controlled by the p-th term
in the series. The Hubble parameter would evolve as
H(N) = H
(p)
init e
−2N/p , where H(p)init =
(
ρ˜p
3cp
) 1
2p
, (4.2)
ρ˜p is the initial value of the radiation energy density in the step where the p-th order
term dominates. Similarly, H(p)init is the initial value of the Hubble parameter. To
be more concrete, in this paper we will consider a truncated action where there is
a maximum value, p = nmax. In that case, ρ˜nmax = ρ˜, while ρ˜nmax−1 = ρ˜ e−4Nnmax ,
where the dilution experienced after an expansion of Nnmax e-folds corresponding to
that step in the cascade is manifest. The slow-roll -parameter acquires a definite
value at each step:
(N) = −H
′(N)
H(N)
=
2
p
, (4.3)
and we have an accelerated expansion for p ≥ 3. The p-th order term stops being
the dominant one and we enter into the realm of the (p − 1)-th order domination
after Np e-folds of expansion,10
Np =
1
4
log
(
ρ˜p
3
cp−1p
cpp−1
)
, (4.4)
where the following condition holds: cpH(Np)2(p−1) = cp−1H(Np)2(p−2). We can now
consider how the scalar field evolves in this radiation dominated background, just as
we did in the cubic case. The equation (2.12) can be written as
φ′′(N) +
3p− 2
p
φ′(N) +
(
m
H
(p)
init
)2
e4N/p φ(N) = 0 , (4.5)
and it can be solved in terms of Bessel functions:
φ(N) = e−
(3p−2)N
2p
[
C1 J(3p−2)/4
(
p
2
m
H
(p)
init
e2N/p
)
+ C2N(3p−2)/4
(
p
2
m
H
(p)
init
e2N/p
)]
.
9A comment is in order. This assumption is unnatural if we assume that (2.1) is an Effective
Field Theory, in which case we would expect all terms being relevant at once for processes in-
volving energies E ∼ L−1? . However, since ours is a bottom-up construction, we can also explore
phenomenologically the case in which just a few cn are turned on, and compare with the experi-
mental data. On more pragmatical grounds, it is easier to deal with a truncated series and infer
the consequences of our analysis once all terms in (2.1) are included.
10Notice that we are assuming cp−1 6= 0, otherwise we would have to consider the change from a
p-th order term to a (p− k)-th order term for k 6= 1.
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All the discussions presented in the cubic case are directly translated into this general
case: we need m/H(p)init  1 in order to have a number of e-folds of expansion without
the suppression due to the scalar field, etcetera. Notice that it is enough to fulfill
this inequality for the last stage, since H(p6=3)init > H
(3)
init. Assuming also the scalar field
to start without velocity, and this condition to be kept in the successive steps of the
cascade, while radiation dominates the expansion,
φ(N) ≈ e− (3p−2)N2p
(
4
p
H
(p)
init
m
)(3p−2)/4
Γ ((3p+ 2)/4) J(3p−2)/4
(
p
2
m
H
(p)
init
e2N/p
)
φ˜p , (4.6)
where φ˜p is the initial value in the regime where the p-th order term governs the
dynamics. N is here the number of e-folds of expansion since we entered the p-th
order phase as well. To leading order in the Bessel function argument, the previous
equation is a constant equal to φ˜p —and this is the case all along the cascade—.
Remarkably, the scalar field remains pretty much constant, as a spectator of the
different phases of Geometric Inflation.
For completeness, we can equate the scalar field potential energy density to the
radiation energy density in order to find out when the scalar field would take control
over the evolution in the p-th order phase.11 This happens for a number of e-folds
N
(p)
s determined by solving
x(p+2)/2s J(3p−2)/4(xs)
2 =
3p2p
2(7p−4)/2
cp
Γ ((3p+ 2)/4)2
m2(p−1)
φ˜2p
, (4.7)
and then replacing
N (p)s =
p
2
log
(
2
p
H
(p)
init
m
xs
)
. (4.8)
Let us remind an important feature of this construction: we can keep a scalar field
essentially constant during the sequence of radiation dominated phases provided that
m/H
(p)
init  1 for all the steps in the cascading evolution.
Let us end by considering an example in order to test our assumptions against
the actual numerical solution. We add a quartic term to the cubic theory presented
in the previous Section. We shall call c4 = λ, and for the numerical computations we
will stick to the previously chosen value β = 1. The Friedmann equation becomes
3H2
(
1 + βH4 + λH6
)
= ρ˜ e−4N +
1
2
H2φ′2 +
1
2
m2φ2 . (4.9)
If our assumption about the scalar field staying constant during the radiation dom-
inated evolution is correct, we can choose φ˜ = 10MPl and m = 0.24L−1? , as in the
11In practice, we do not want to do this in any concrete step but the latest, p = 3, since, as
discussed above, General Relativity is the most efficient theory inflating with a scalar field.
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cubic case, so that we would have 20 e-folds of scalar inflation in General Relativ-
ity and the transition to inflaton domination will occur when the cubic term ceases
to overwhelm the Einstein-Hilbert contribution. The initial value of the radiation
energy density only depends on the number of e-folds along the Geometric Inflation
cascade. In this example, since we are keeping the values used in the cubic exam-
ple, if the total number of e-folds is kept fixed, so will be ρ˜. The number of e-folds
correspondent to the quartic epoch can be obtained from (4.4),
N4 =
1
4
log
(
ρ˜
3
λ3
β4
)
. (4.10)
For instance, if λ = 0.001, we would obtain N4 ' 35, a value that leads to a scenario
in which the 60 e-folds are roughly divided into three pieces. This is plotted in Figure
3, where the three regions for which the different terms dominate become apparent.
Notice also that the regime led by the cubic term, where the expansion develops
ϕ/MPl
0 20 40 60
0
2
4
6
8
10
N
ϕ
/M Pl
ϵ
0
0.2
0.4
0.6
0.8
1.0
ϵ
Quartic term Cubic term GR
Figure 3: Comparison between the different contributions inside the parenthesis of
the left hand side of (4.9) (thin lines) in logarithmic scale, displaying the subsequent
dominance from higher to lower curvature terms. The numerical solution shows that
separation in phases is a good approximation. The slow-roll -parameter (dotted
blue line) starts at 1/2, then jumps to 2/3, corresponding to the expected behav-
ior of radiation driven expansion in the quartic and cubic theories, and when the
slowly rolling scalar field dominates it drops, displaying a quasi-de Sitter behavior
not different from the GR case, albeit with a lower value of the scalar field (thick red
line).
about 5 e-folds, is not as neat as the quartic stage. The length —in e-folds— of each
step in the cascade depends upon the relative values of the coefficients cn. Higher
curvature terms tend to rule the expansion during the majority of the NGR e-folds.
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Only if cn  cn−1, the cascade displays the different stages as an open bellow or
bandoneon, consisting of a series of power-law stages smoothly connected with a last
stage where slow-roll inflaton in GR takes over. Otherwise, for commensurate values
of the cn parameters, cn ∼ O(1), the higher curvature contribution takes over all the
lower curvature ones, which drastically shrink to zero size.
5 Discussion and conclusions
Let us first summarize our findings. We have shown, on general grounds, that the
Geometric Inflation mechanism purely driven by radiation demands a transplanckian
initial energy density. We then included a scalar field with a quadratic potential as a
case study. We first saw that inflation driven by a slowly rolling scalar field in Gen-
eral Relativity is more efficient than in the higher curvature counterparts. When we
included radiation into the picture, however, for a wide range of parameters we saw
that there is a cascading scenario in which Geometric Inflation rules first, the dom-
inance being transferred from higher to lower curvature terms, the last stage being
the familiar regime of General Relativity in the slow-roll approximation. Strikingly
enough, the scalar field remains almost frozen while the universe undergoes Geomet-
ric Inflation. Besides, given the standard aspect of the last inflationary stage, we do
not expect modifications regarding the reheating paradigm [22].
Within the current framework we saw that it is possible to reduce the energy
density of radiation and marginally solve its exceedingly huge value in Geometric
Inflation. By marginally we mean that our resolution relies on the current constraints
on ξ = L?MPl, which one may foresee may be drastically improved in the future. On
the other hand, we could lower the initial value of the scalar field but it is still within
the superplanckian range. The very fact that the cascade ultimately enters in the
GR regime bounds us to obey φ˜ ≥ √2MPl if N(φi) > 0 (3.19), since φ˜ & φi. The
quadratic potential still belongs to the large field inflationary models. The question
arises whether it is possible to have a situation in which cosmological inflation fully
happens in the high curvature regime in the absence of radiation. The answer is in
the affirmative and it is possible to convert a scalar field with a quadratic potential,
a benchmark of the large field models, into a small field inflationary model [23].
The study of cosmological perturbations in this framework is a difficult task [5].
However, the separation between Geometric Inflation and the GR regime makes it a
little more feasible. An interesting open problem is to prove that the current hybrid
scenario is free from the strong instabilities presented in [16]. We expect to report
on some of these issues in the near future.
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